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Abstract. A covariant-tensor method for SU(2),, is described. This tensor method is used
to calcuiate g-deformed Clebsch-Gordan coeffictents. The connection with covariant oscil-
lators and irreducible tensor operators is established. This approach can be extended to
other quantum groups.

1. Introduction

In recent years there has been considerable interest in g-deformations of Lie algebras
{quantum groups) (1] and their applications in physics [2]. The main goal of these
applications is a generalization of the concept of symmetry. The properties of quantum
groups are similar to those of classical Lie groups with g not being a roct of unity.
However, it is still not clear to what extent the familiar tensor methods, used in the
representation theory of Lie algebras, are applicable to the case of g-deformations.

Different types of tensor calculus for SU(2), were proposed and applied in referen-
ces [3-7]. However, no simple covariant-tensor calculus for SU(n), was presented. In
this paper we propose a simple covariant-tensor method for SU(2}, which can be
extended to the general SU(n),. Details for SU(n), and especially for SU(3), will be
published separately.

The plan of the paper is the following. In section 2 we recall the basics of the
SU(2), algebra, its fundamental representation and invariants. In section 3 we construct
the general SU(2),-covariant tensors and invariants. In section 4 we apply this tensor
method to calculate g-deformed Clebsch-Gordan coefficients-and in section 5 we
demonstrate their symmetries. We point out that this method is simpler than that used
in previous calculations [ 3, 8] and can be generalized to other quantum groups. Finally,
in section 6 we connect covariant tensors with covariant g-oscillators and construct
unit irreducible tensor operators.

2. SU(2),-algebra, its fundamental representation and invariants

Let us recall that three generators of SU(2), obey the following commutatlon relations
" [1] (we take g real)

[, T ==J*
(2.1)
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20 210
1=, = =
The coproduct 4; SU(2),—>SU(2),®8U(2), is defined as
AT =T*®g" +q7"®T*
A =T"®1+1®J°

Let V, be a two-dimensional space spanned by the basis |e,), a=1, 2, and |v)=
2. |€ayva. € Va. The SU(2), generators J* (k= =, 0) act as

f“lea>=§ (T pal s

(2.2)

Ty = Zb (T*)balen)
=% les)(T*V),
=§ Je)vh. (2.3)

In the fundamental representation of SU(2), the generator J*s are ordinary 2 x 2 Pauli
matrices.

Let {V,)* be a dual space with the basis {e,|=(|e,})" and {v|= (o))" =%, v¥{e,].
The dual basis is orthonormal, i.e. {e;|e,) = 8.,. We note that the components of the
vector |0}, v, (or v¥ of (v]) are not defined as real or complex numbers: Their algebraic
properties follow from SU(2),~-invariance requirements. Here we identify (for the spin

=t
|ea) =2, ma)
(ea] =43, ma|
and the matrix elements of the generators J* are
{eal I €0} = m,
(e |er={ed T |ey=1.

We define a scalar product as {u|v)=2,u*v, and the norm as (v|v) ==, v}v,. This
scalar product {(and the norm) are not SU(2}-invariant. Instead, the quantity

(v|g~"[v) 6
is invariant under the action of the coproduct (2.2) in the following sense:
A=K olg ™oy = (T loy+ (g™ (o)) T g~ o)
= —{o|J*[o) +{t}J*|v) =0
AU Kolg ™oy = (I elg ™ o)+ (ol o)
= (0| 7%~ | o)+ (|1 | v}
- (2.7)

m,==x1 (2.4)

(2.5)

The quadratic forms
T uktq v, =3 ukq ™, (2.8)
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and
Y g uk 2.9)

are SU(2).-invariant. Note that the first quadratic form (2.8) can be written as

(ulg™"]v).
If we demand 2, vig™

m

=3, v,g™ 0%, it follows that v, vy = qulm and v¥u,=

q 'v,08.
In addition to the (u(g~’|v}-invariant form we consider another form
sablea)l eb) ) h (2-10)
with

(20 )
Eap = _q-1/2 0

Eaptpe = _3ac

(SEE)Q = (sba)q = _(eab)q"
where 1=2 and 2=1. - _
Note that the g-antisymmetric combination v, is SU(2)q-invariant showing
that v, and v, do not commute. Instead, they g-commute, i.e. 2,1 = gy 5.

(2.11)

3. General SU(2),-tensors and invariants

Let us consider the tensor-product space (V.)®=V,®.. ®V, with the basis
lea)®...8e,), a1, ... a,=1,2. Then we write an element of the tensor space { V3)®*
as tensor | T of the form

(Ty=|eg}...|eq )T ... T‘f*
=Iea| .. eak>Talma". (3.1)
We have the following proposition: ‘
The tensor | T} transforms under the SU(2)q algebra as an irreducible representatmn
of spin j=k/2 if and only if T?T'=gT'T%" :
Let us assume T2T'=gT'T% Then
|7}=k/2) = lea. « Gy ) TS
lJm)T’"' _ (3.2)
m——,; .

The vectors |jm) span the space VJJ.H of the irreducible representation with spin j.
From T?T'=gT'T? it follows that

Ta1 -1 _qx(a ~ag). Ta ak 7 (3’3)
where : T means the normal order of indices (1s on the left of 2s), i.e. T''~***? and
index 1 (2) appears n, (n,) times, respectively. x is the number of inversions -with
respect to the normal order. Hence

[Jm) = [e{al...ak}> 7 ' -

1
-M/2 Z qx(a[...a,‘lleuimaJ (34)

'\[j—' q perm{@q.a, )
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where the curly bracket {«; ... @,} denote the g-symmetrization. The summation runs
over all the allowed permutations of the fixed set of indices (n; 1s and n, 2s) and

M = nyny=(j+m)(j~m)
j=%(n1+n2) m=%n,~n,)

(2 )q=[ [,

j+m jHml i i—mi, !

(3.5)

The important relation is

f= q_M 2 q2x(al...ak)_ (3.6)

perm{a;...ax)

From equation (3.4) and the definition of the coproduct A(J*) (2.2) we can reproduce

A jmy=VTFmIEm 11, |jm=1) o
A(I%) jm) = m| jm).

From (3.2) and (3.4) we immediately obtain the relation between 7" and the com-
ponents of T%r%:

ij = quz\/‘T: Tal...a":
Tj—m =qM/2_‘/'}': Tal“'ﬁk:

where 1=2, 2=1 and T/"" = (T}, cn,-
In the dual space (VP*)* we define

{eapa) =(Caa))”

{€ay..a|€by. ) = Bayby - -+ By

(3.8)

(3.9)

and in the dual space (V,;.,)* we define

<Jml = (l]m))+ = (e{ﬂk-"“l}l

1 ~M/2 (a0l
=777 MET g (e )

permiag...ag )

X0 -y

1 —-M/2
== z
\/T 1 permi{ay...ag)

As a consequence of equations (3.4}, (3.6) and (3.9) we obtain

q Neapa]- (3.10)

. » 1 _— 2,508
(J’szJ’mz):}q M 2z qzx( ! I‘)Sm;mz

permia)...a;}
= Om: (3.11)
The SU(2),-invariant quantity built up of the tensors (T| and |U) of spin j=k/2 is
I={ TIQ_JUI Uy= (T“‘-"'“l)*q—J“ [J%eas
+j .
= ¥ (T

mo—j
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The second type of the SU(2),-invariant quantity built up of the tensors |T) and |U)
of spin j=k/2 is

I'= T% U g, e .. Ea (3.13)

with &, given in (2.11). Of course, T°T%g,, =0 if T7° and T? g-commute.

Furthermore, using equation (3.3) we can also write
I = qx[s)( TaA...a1)::=q—J“ U"’(al"'“i.)
(3.14)
Ir= qx(s) T"k'"“l Uﬁ(br"b“lgatb] . .A‘ Sakbk

where s5€8; is .a fixed permutation of the indices a,...a4 and y(s)=
x(ay...ap)—x(s(a, ... a)) is the number of inversions with respect to the (a,... a)
order.

4, g-Clebsch-Gordan coefficients

Here we present a new simple method for calculating the g-deformed Clebsch-Gordan
(c-G) coefficients. It can be immediately extended and applied to SU(n), and other
quantum groups. This method is a consequence of the previously described tensor
method and construction of invariants.

Qur notation is

]JM)= Y {(hmy jzszJM>qij1mn)|jzmz>- ' (4.1)

Ty, Bz
For g€ R, c-G coefficients are real
(imy jama| IMDYE = (jim, jamy|IM), (4.2)
and ’ }
G myjoma | IM) g =(IM | jumy jamay. (43)

Using the tensor notation |jm) =|e;, .1 ((3.4), (3.9) and (3.10)), we firsi calculate
-G coefficient for j, %0 f. > ji+f,:

(i +_f: my+ma| jimy Jemzdy
= (e{b;...b[.ak..._al }l e{al...al,}e{h,...b,}>

=<e{b,a}| e{a}e{b})

= 1 —H M =M+ M) Z x(a)+x(h)+xlab)
v flf;.fJ perm(a),{b)

=4 ffi.f.’.'z. qi(Ml"'Mz"Ms)qu_ml)(jz"'mz)
S5

=4 ffl—fz» qumz"jz'"l {4.4)
£ .

where we have used

x(a, b)=x(a)+x(b)+{(ji—m}j.+my) (4.5)
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and equation (3.6) together with the abbreviations

k=2j I=2j, Ji=hiti My = my+ nty

M= Gk m) = m) f—( 21"') (46)
T W il (P Il (] P = ji+m, X

Nfa_ [2/1]g {[275)q tLis+ms)g s —m;], !

5 Dhtmdg i —mdg L+ ma] W — ma), 1201,

The main observation is that any c-G coefficient {(jym; j.m,|JM) can be written in
the form (4.4). Namely, the c-G coefficient (j;m, j,m,|JM) is projection of the state
{ymy| ®{ jymy) =(e{a:---aul}e{bl---bu,}| from the tensor product space V3 ., ® V¥ ., to the
state [JM )= [e{al---[az;l-..ﬂ[---[azj,,bl]-m-lbnL--bu y (with the appropriate symmetry of 2j,+ 2/,
indices) in the space V.= Vyy 4 ® Vo4, Here, the square brackets [...] denote
g-antisymmetrization and n=2=j+j.,— 1 Furthermore, the state
| €L azLan byl bt O ab, - - - Eayp, ttansforms as a singlet, i.e. it is invariant under the
coproduct action in the tensor product space V,® V,,. Hence, using the equation (3.4),
we can write

{fimy jom| JM),

=N T {eap€ralaar (Ewe)n
perm (a,b)
(ed}

=M+ M,+M;)

.;V'q
v flfzf:r per(r: gt;,bi

griabradyrxad) (o .00) 4.7)

where the length of b (¢) is n=j,+jo—J, (Spey)n = €pqp - - - By, a0

]

=( 12,1, 1271, 2T +1], ! )1/2
Dhtia=I1g i —fa+ g =i+ fa+ 1 i+ o+ T +10, !

Expression {(4.7) is efficient for practical calculation of c-G coefficients (see appendix).
We also present a simple derivation of the standard expression for g-c-G coefficients

[5].

Using the decomposition

(4.3)

+F
{imy= X .<f1m1|j1_1' m—m J.m%(jl—]‘ m,—-ml(jml

me=—j

+j
{amz| = %, _(jzmzl.f_m Jo—J mz+m>q(j“m|(jz—f mz"*'mi_ (4.9)

m==j
+j
|JM>= ) .(jl_j m—m jo—j mz.‘"mUM)qul_f ml—m)lj:_f my+m)
mm=—j
we immediately write
+
(i j2m2|JM)q=N x _<j1m1|j1 —jm-—m jm>q
m==j
x(jzmzu_m fz-f m2+m)q(jm J_mio{))q
X{ji—j my—m j,—j my+m|JM), (4.10)
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where N is the norm depending on j,, j» and J. Three of the four c-G coefficients
appearing on the right-hand side have the simpie forim (4.4). The fourth coefficient
(jm j—m|00) also has a simple form. Namely, for n =2j we have

o ! :
(Jm ]_m|00>q= [n+1] salbl T sanbn
q

- e
[2j+1],
; 1

= (=) e g™ 4.11

V" (411)
The denominator [2j+1]'/? comes from the orthonormality condition.

-Finally, inserting equations {4.4) and (4.11) into equation {4.10) we find
{Jimy fzmzl-IM)q
)

. =Nm§_JmiTq’1 2=

( 2j ) ( 2 -2 ) ( 2j2—2j )
% gM I+ Jtm/ \h—jtm—m/, fz_ffimz"'{“ 4

VG506,
J+M j1+m1 J2+m2

 with htj—j=J+] This result agrees with the result found by Ruegg [5] if the
normalization factor N is taken as

{ [2:1s 1[20a]y 2T +10g Wi o= S +1], }”2 (4.13)
Ui Hia=d1a L =t Tl =i+ it T), W+t T+ 10 ]
We point out that our tensor method is simple and can be easily applied to SU(n),
for n=3. We also mention that it can be applied to muitiparameter quantum groups.
For example, it can be shown [9] that c-G coefficients for the two-parameter SU(2), ,
[10] depend effectively on one parameter only.

. (4.12)

5. Symmetry relations

For completeness we rederive the known symmetry relations for ¢-¢-G coefficients and
g-3—j symbols. From equation (4.4) immediately follow symmetry relations

{jr—my jz_m2|f1+f2 —my — M)y ={jam; f1m1|f1+jz my+ mz)q

=(jimy fama|ji+j2 mitmagm (5.1
and
{(i—my i+jz my+mg| ama,
. 27,+1 L.
=(-1)/""g™ L2+ 1] {imy Jama| jrt o my+ mad,. (5.2)

[2/1+2j,+1],
Furthermore, from equation (4.11) we have
(j_ m Jm |00)q = (—1)2J<Jm j— m}00>q" )

{jm 00] jm), = 1. (5.3)
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The symmetry relations (5.1)-(5.3) are sufficient to derive the symmetries of the general
c-G coefficients. From equation (4.10) we obtain

Gi—m fz“mzu—M)q:(fzmz jlmIIJM)q

= {-1)"""(jim, Jattiz| JM ) - (5.4)
and
. . i - 2i-+1 . .
(r=my JM | jomgdy = (—1)7 T "g™m [i‘_—]q(h"h Jama} IMD),. (5.5)
Vr+1g,

(One can deduce this directly from (4.7).)
We can define the g-deformed 3 ~j symbol as

(fl 2 ) 3, )(—l)j‘_jz-ma< | S (

= @ == {fymy fatiy| fa—m 5.6
my My M3/q [2]3+1]q 1t J2MalJs a )
where the additional factor qé("’z comes from the requirement that symmetry
relations for the (3~j), coefficients should not contain explicit g-factors:

(jl J2 Js ) =(jz Jr 13) =(__1)ji+j1+j3(jl J2 js) (5.7)
-my —m, —mMi/, m; nm; M3/, m, My M/~
and that the (3 —j), coefficients are invariant under cyclic permutations.

Note that the SU(2), invariant, built up of the three states |jym,), |j.m2) and

!ja ms), is

Y a—m js m;| OO}qu my .fzmzl Ji— ms)q]jlm1>]fzm2>]f3m3)

rrt), 713,11y

_mIJ

m,=—n. j j f - - .
= 3 gmem(h S ’3) Vam e sms)
m3 q

Mg, Iy, m, L5
= ¥ N123(E{b,c))kl(S(d.e])kz(gta,f))k_a,' e{a.b}>| eg:;d})l e{e.f})- (5.8)
my,mt,my

Now we identify

A N - . . 2im,~m j j j3
{imy Jats] ja—mad,{js—my jams|00), = g™ ’)(”:] n; m;,)q
= Nizz(&p.e)) i, (St il Eta i)y (5.9}
where, for example, (£,.))x = €pye, - - - Eye, With
ki=ji+ji=Js ky==ji+jatjs ky=ji=J+]s (5.10)

and Ny,; is the normalization factor fully symmetric in indices (123). Equation (5.9)
represents the connection with the tensor notation used (see {5.7}).

6. Covariant g-oscillators and irreducible tensor operators

Let us define the g-bosonic operators a; and a™ (i =1, 2) such that [¢;) = 270, 0} and
(&l = £(0, Ola;, where |0, 0)r denotes the (Fock) vacuum state invariant under SU(2),.
Hence, af and a3 are covariant operators transforming as an SU(2), doublet. Therefore,
analogously as in equation (3.2), they g-commute

a3ai =qaja;. - (6.1)
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Furthermore, we define the projector P;- /2, from the tensor space ( V3)®* to the totally
g-symmetric space carrying an irreducible representation of spin j=k/2

1
Pjcslei..i) =“J—[l;—ﬁ a,f', - a}:[0, 0
g° .

S |
vkl !
We find from equation (3.4) that

M/2 (ai)"(a3)™

m= 4 T T

j=im+n) m=3(n;— ny).

g-(af)(a3)0, O 62)

0, 0}
(6.3)

We define the number operators N; and N as
Ni|jm}= Nin,, ny) = n|n,, n2)
N=N,+N, [N, N]]=0 [N:, N;1=0
[N.aj1=8af  [N,gl=-8
[N, ail=a7 [N, a]=—a.

(6.4)

The action of a7 and a; on the basis vectors | jm) is
ailjm) = gV ImF L j+3, mo+d
azljmy=g"In ¥ 10, |j+2, m—3
arljmy=q 7T, =4, m—3)
arljm)=g*"n:l 1j =% m+3).

The commutation relations between a; and a; follow immediately:

(6.5)

+ +_ L+ _+ g |
aa; =4a,a, G4 =¢
o o (6.6)
a.qy =4, as a41a; =asa,

and
axaf’-—-q'N’{NlH}q rzfd:=q_N’[Nt]q
mai=q M Ny+1], aza,=¢"M[N,], (6.7)
H=aia,+aja,= [N],.

Then
al“T"‘]“T“l = q_N (6.8)

+ -, % _ _ _+N
i —q dyax=qg

and
+ -1+ 259
aqa; —q a gy =g
2_’"

(6.9)
a,a; —qa; a, =g
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The generators J* and J° can be represented as
]+=q—..r°+1,f2 +

a;a;
Jm =g a3a,
2J°=N;—-N; {6.10)

[j+s 'I_]=[2-’ro]q={Nl—N2]q
[N, J=]=[N, J°1=0.

We point out that the oscillator operators a; and a; are covariant since the correspond-
ing tensors |e;,.;,)), equation (3.4), are covariant and irreducible by construction.

We note that the covariant g-Bose operators a, a* (6.1) are the same as in [6],
where they were constructed using the Wigner D“’-functions. A different set of
covariant operators was constructed in [7]. Other constructions [11] are non-covariant
in the sense that operators do not transform as SU(2), doublet. In the non-covariant
approach one has to solve an additional problem of constructing covariant, irreducible
tensor operators [12].

The definition of the irreducible tensor operators of SU(2), is

*Tim—q "Tind *)g " =VIEF m ][R E M F1], Times
[J-O, Tkm] = mTkm (6'11)
Ijm> = I}'m]os O)F'

According to equations (6.1)-(6.3) we define a unit tensor operator as

+ n -+ n
1}"1 = qinlnz (al ) (az)
v [nl]q ![nZ]q !
which is covariant and irreducible by construction and satisfies the requirements (6.11)

automatically. Note that (T,,)" transforms as contravariant tensor. One can define
the tensor

(6.12)

Vk,u. = (_l)k—#q#T:—n (6.13)
which transforms as covariant, irreducible tensor. In tensor notation we have
Viaa =g G Ty = (=12 0 0 (6.14)

For completeness, we present relations between the Biedenharn operators b;, by
[11], #, ¢/ [7] and a,, af of the present paper:

by =g NNy = gt
by=gq Mty = g Vg,
bY =g~ = g ghN (6.15)

by =t3g M =azqtM
We point out that the general covariant oscillators (e.g. ¢, 7 and a;, a;) are character-
ized by the anionic type g-commutation relation (6.1). Actually, equation (6.1) is a
consequence of underlying braid group symmetry and can be also obtained from the
SU(2), R-matrix [7].
Finally, we give the Borel-Weil realization

a?‘Exf a;ED,' £=1,2 (6.16)
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which is covariant avtomatically. The commutation relations are

XaXy = gX1 Xz D:Di=q7'D,D,
D:xlﬂqxlDl'f'q_N D:X;=q ', Dyt g™
[D;, x]=0 i#j
or
Dyx,=q "% D+ qyo
Dyxy = gxo D+ QZJ"
where
N, =x;9;
3; =38/8x;.
It follows that
' | Dar=[nlxl”
D, =l 00 P
X1
1
Dy =—[x28,]44™".
X2
Acknowledgments
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Appendix

We demonstrate usefulness of the equation (4.7) for practical calculations. Using

equations (4.5) and (4.11) we write
' x(a, b) = x(a)+x(b) +ny(a)n,(b)
x(¢ d)=x{(c)+x(d)+ny{c)n(d) .
x(a, d)=x(a)+x(d)+ny(a)n(d)
x(b}=x(c)
(E(b,r:))n - (_1)n3(b)qéin,(h)—rf:(h))
where )

) n=2j=j+tjp=J
m(by=mnyc)=j+m
nb)y=mic)=j-m
mla)=j,—j+m—m
na)=ji—j—m+m
m(d)=j,—jt+rm,+m
m(d)=jo—j—m,—m.

(A.1)

(A2)
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After inserting equation (3.6) into equation (4.7), we immediately obtain the final
result, equation (4.12):
q-§(M1+M2+M_,) 2y

eyl D WD NI »
(ﬂ.ﬁf:})uz ny(b)=0 perm (a} perm (b) perm (d)
s q“z(ﬂ)“:(b)"‘"l(b)";(d)"‘"2(01"1(&]qzx(ﬂ)+2x(b)+2x(d)(E(b,c))zj

N

q-§(M1+M=+MJ) +
y qnz(a)nl(b)+n,<b)nl(d)+n,(a)n[<d)

VAL  m=

X fofofug @ T @RI DD g, ),

=N

+ e . Jolota
= N _1 J-m Mgy m(2J’+2J+1)_. A.3
mg._j( A o q AR (A3)

We extend this simple calculation of the SU(2), c-G coefficients to the SU(N),, quantum
groups in the forthcoming paper.
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